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Quantum correlations are of fundamental importance in quantum phenomena and quantum information pro-
cessing studies. The measure of quantum correlations is one central issue. The recently proposed measure of
quantum correlations, the local quantum uncertainty (LQU), satisfies the full physical requirements of a measure
of quantum correlations. In this work, by using operator relaxation, a closed form lower bound of the LQU for
arbitrary-dimensional bipartite quantum states is derived. We have compared the lower bound and the optimized
LQU for several typical quantum states.
PACS numbers: 03.67.Mn, 03.65.Ud, 03.65.Yz
I. INTRODUCTION
Over the past decades, entanglement was considered to be
the only ingredient of quantum properties and the main re-
source of the speed-up in quantum computation [1–3]. How-
ever, it has been shown that some states without entanglement
but with quantum correlations as measured by quantum dis-
cord can still reveal their power in quantum speed-up [4–6].
Nowadays, it is widely believed that the non-classical corre-
lations, namely, quantum correlations, play vital roles in the
quantum features in quantum information processing. The
investigation of quantum correlations is of fundamental im-
portance in the study of quantum phenomena in nature. As
a result, quantum correlations become the subject of intensive
studies in the last two decades [7]. Among varies researches, it
is of great significance to measure quantum correlations quan-
titatively. There are much attention put on the measurement
of bipartite quantum correlations, including quantum discord
[4, 6, 8], geometric discord [9, 10], quantum deficit [11],
measurement-induced disturbance [12], etc.
For high-dimensional bipartite quantum states without
high-symmetry, it is considerably hard to avoid the optimiza-
tion in the calculation of the quantum discord [13, 14]. Ac-
tually, it is widely accepted that the calculation of quantum
discord is NP-hard [15]. Therefore people have contributed a
lot of attention to finding the lower bound of various types of
quantum correlation definitions [16, 17].
Recently, a measure of quantum correlations for bipartite
quantum systems named the local quantum uncertainty (LQU)
is proposed [18]. The LQU is defined as
UΛA = minKΛ I(ρAB, K
Λ), (1)
where we have denoted the two particles as A and B, the mini-
mum is optimized over all the non-degenerate observables on
∗ gllong@tsinghua.edu.cn
A: K = KΛA ⊗ IB, and
I(ρ, K) = −1
2
Tr([√ρ, K]2) (2)
is the skew information [19], where [·, ·] denotes the com-
mutator. It has been shown that for bipartite quantum sys-
tems, the LQU is invariant under local unitary operations, non-
increasing under local operations on B, vanishes if and only if
the quantum state is a zero discord state with respect to mea-
surements on A. For pure states, the LQU is an entanglement
monotone. In a word, the LQU satisfies the full physical re-
quirements of a measure of quantum correlations [18].
The advantage of the LQU over quantum discord lies on the
possibility of to obtaining the closed form. The closed form
of the LQU for 2 × d quantum systems [18] is pointed out to
be
UA = 1 − λmax(W), (3)
where λmax is the maximum eigenvalue of the 3 × 3 matrix
W with elements Wi j = Tr{ √ρ(σi ⊗ I)√ρ(σ j ⊗ I)}, and σi
(i = 1, 2, 3) represent the Pauli matrices, which are the gen-
erators of SU(2) (the special unitary group of degree 2). The
interesting coincidence arises that for 2× d quantum systems,
the LQU reduces to the linear entropy (i.e., the concurrence)
for pure states. However, for high-dimensional quantum sys-
tems, it is still a hard bone to obtain the LQU without cumber-
some optimization. A ray of hope comes from [20], in which
the authors pointed out that the closed form of the LQU can
be achieved for d×d quantum states with high symmetry with
a relaxation of the operators in the optimization.
In this paper, we seek for the possibility to obtain a closed
form lower bound of LQU for high-dimensional quantum sys-
tems. We achieve our goal by using the same operator re-
laxation approach as in [20]. Several representative quantum
states are studied by comparing our lower bound and opti-
mized LQU obtained by genetic algorithm.
2II. PRELIMINARIES
There exists one important requirement on the optimiza-
tion operators in the definition of the LQU, namely, they
should have non-degenerate fixed spectrum. Suppose the non-
degenerate fixed spectrum is chosen as Λ, the operators with
this spectrum in subspace A thus can be parametrized by
KΛA = VAΛV
†
A, (4)
where VA varies over the special unitary group on A.
The SU(d) group can be decomposed into the product of
d(d− 1)/2 basic transformations with d2 − 1 parameters using
Hurwiz’s theory [21]. By indicating the LQU as the objective
function and optimizing over these parameters, we can get its
accurate value with computational methods such as genetic
algorithm.
Calculating the LQU by using computational approaches is
definitely complex for real-world applications. In the follow-
ing, we revisit the derivation of the closed form of the LQU
for 2 × d quantum systems. A qubit observable with non-
degenerate fixed spectrum σz can be parametrized by [18]
KA = α~s · ~σ + βI, (5)
where |~s| = 1 and α , 0. Therefore in this case, with different
values of α, the LQU is equivalent to
UA = min
~s
I(ρAB, ~s · ~σ ⊗ Id) (6)
up to a constant multiplier |α|2.
Eq. (6) gives us the possibility to obtain the closed form
UA = min
~s
I(ρAB, ~s · ~σ ⊗ Id)
= min
∑
i, j
si s j[Tr{ρABσiσ j − √ρ(σi ⊗ Id)√ρ(σ j ⊗ Id)}]
= 1 − min
∑
i, j
si s jTr{ √ρ(σi ⊗ Id)√ρ(σ j ⊗ Id)}. (7)
This optimization gives Eq. (3).
III. LOWER BOUND OF LQU
For d1×d2 quantum states, the key to calculating the LQU is
the optimization among operators with non-degenerate fixed
spectrum on one party of the quantum system, say A. The
difficulty lies in the parametrization of these operators. The
construction of qubit operators gives us the sign to this prob-
lem.
Similar to qubit operators, higher-dimensional operators
can be expressed as
KαA = ~s · ~λ + βId1 , (8)
where ~s = (s1, s2, ..., sd21−1) and |~s| = α , 0, λ =
(λ1, λ2, ..., λd21−1)T is the vector formed by the generators
of SU(d1) group. Note that this expression is slightly
different from Eq. (5). Different from qubit operators,
higher-dimensional operators can not easily satisfy the non-
degenerate fixed spectrum requirement.
One importation observation is the following theorem.
Theorem 1. The operators with the same non-degenerate
fixed spectrum belong to the same set KαA .
Proof. Suppose we have a non-degenerate fixed spectrum
Λ, which can be extended as
Λ = ~s · ~λ + βId1 , (9)
where |~s| = α.
Following Eq. (4), we can also extend the operator after
unitary transformation
KΛA = ~s′ · ~λ + β′Id1 . (10)
By using the fact that
TrKΛA = Tr{VAΛV†A} = TrΛ
Tr(KΛA )2 = TrΛ2, (11)
we get β = β′, |~s| = |~s′|.
Therefore, KΛA also belongs to the set KαA . 
Based on this observation, the lower bound is possible to
obtain by using operator relaxation, namely, we do not require
operators with non-degenerate fixed spectrum. After choosing
the spectrum, the only work we need to do before optimization
is determining α by extending the spectrum with ~λ and I.
Reminding that there are d2−1 generators of SU(d) denoted
as
λ j =

√
2
j( j+1)
(∑ j
k= 1 |k〉〈k| − j| j + 1〉〈 j + 1|
)
, j = 1, ..., d − 1
|k〉〈m| + |m〉〈k|(1 ≤ k < m ≤ d), j = d, ..., d(d+1)2 − 1
i(|k〉〈m| − |m〉〈k|)(1 ≤ k < m ≤ d), j = d(d+1)2 , ..., d2 − 1
.
(12)
They satisfy
λiλ j = i
∑
k
fi jkλk +
∑
k
gi jkλk +
2
d δi jId, (13)
where
fi jk = 14iTr([λi, λ j]λk), gi jk =
1
4
Tr({λi, λ j}λk), (14)
where {·, ·} represents the anti-commutator.
Theorem 2. The closed form lower bound of the LQU for
d1 × d2 quantum states is
UA = α2( 2d1 − λmax(W)), (15)
where we have used λmax to represent the maximum eigen-
value, W is a (d21 − 1) × (d21 − 1) matrix with elements
Wi j = Tr{ √ρ(λi ⊗ Id2 )
√
ρ(λ j ⊗ Id2 )} −Gi jL, (16)
and
Gi j = (gi j1, · · · , gi jk, · · · , gi jd21−1),
L = (Tr(ρλ1 ⊗ Id2), · · · ,Tr(ρλk ⊗ Id2 ),
· · · ,Tr(ρλd21−1 ⊗ Id2 ))
T . (17)
3Proof. Following the definition of the LQU, we obtain [22]
UA = min I(ρ, K)
= min {Tr(ρ(K)2) − Tr(√ρK √ρK)}
= min{Tr{ρ(~s · λ ⊗ Id2)2}
−Tr{ √ρ(~s · λ ⊗ Id2 )
√
ρ(~s · λ ⊗ Id2 )}}. (18)
By using Eq. (13), it is easy to get
Tr{ρ(~s · λ ⊗ Id2)2} =∑
i, j,k
si s j[(i fi jk + gi jk)Tr(ρλk ⊗ Id2 )] +
2α2
d1
. (19)
We define
Fi j = ( fi j1, · · · , fi jk, · · · , fi jd21−1), (20)
Then
Tr{ρ(~s · λ ⊗ Id2 )2} =
∑
i, j
si s j[(iFi j +Gi j)L] + 2α
2
d1
. (21)
Thus we get
UA = 2α
2
d1
+min
∑
i, j
si s j[(iFi j +Gi j)L
−Tr{ √ρ(λi ⊗ Id2 )
√
ρ(λ j ⊗ Id2 )}]. (22)
It can be seen that Fi j is antisymmetric under the transpose of
the subscripts, namely, F ji = −Fi j, therefore
∑
i, j sis jFi j = 0.
Therefore, we finally get
UA = 2α
2
d1
+min
∑
i, j
si s j[Gi jL−Tr{ √ρ(λi⊗ Id2 )
√
ρ(λ j⊗ Id2 )}].
(23)
This optimization arrive at the closed form given in Eq. (15).

Two special cases are worthwhile to be discussed. In the
case where d1 = 2, we have gi jk = 0, thus Gi j is a zero vector.
It is easy to recover the result in Eq. (3). When Tr(ρλi ⊗ Id) =
0, namely, L = 0, the conclusion in [20] is recovered.
IV. LOWER BOUND VS. OPTIMIZED LQU
In the section, we study the lower bound and the optimized
LQU of two kinds of quantum systems, i.e., qutrit-qutrit and
qudit-qubit states. The optimized LQU is obtained by mini-
mizing the skew information within non-degenerate operators
with a fixed spectrum using genetic algorithm.
A. Qutrit-qutrit states
In this case, we choose the non-degenerate fixed spectrum
as
Λ =

1 0 0
0 −1 0
0 0 0
 . (24)
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FIG. 1. The LQU of the qutrit-qutrit Werner state.
It can been easily verified from Eq. (12) that Λ = λ1. There-
fore, we have α = |~s| = 1.
We first consider the Werner state as an example. The
qutrit-qutrit Werner state is defined as [23]
ρw = p |ψ〉 〈ψ| + (1 − p)9 I3, (25)
where |ψ〉 = 1√
3
2∑
i=0
|i〉1|i〉2 and 0 ≤ p ≤ 1. The Werner state is
is highly symmetric [24] and Tr(ρwλi ⊗ I3) = 0.
From Fig. 1 we see that when p = 0, the quantum system
only exists white noise, in this case the LQU is zero. While
one increases p, the LQU increases. Therefore, the LQU is
maximized in the case where p = 1.
According to [20], the Werner state is isotropic, thus the
lower bound and the optimized LQU are identical.
Then we investigated the qutrit-qutrit Horodecki state [25]
ρh =
1
8h + 1

h 0 0 0 h 0 0 0 h
0 h 0 0 0 0 0 0 0
0 0 h 0 0 0 0 0 0
0 0 0 h 0 0 0 0 0
h 0 0 0 h 0 0 0 h
0 0 0 0 0 h 0 0 0
0 0 0 0 0 0 (1+h)2 0
√
1−h2
2
0 0 0 0 0 0 0 h 0
h 0 0 0 h 0
√
1−h2
2 0
(1+h)
2

. (26)
It is a partial positive transpose (PPT) entangled state. Dif-
ferent from the qutrit-qutrit Werner state, the qutrit-qutrit
Horodecki state is not symmetric and does not satisfy
Tr(ρhλi ⊗ I3) = 0. Although it is a PPT state, it can be seen
from Fig. 2 that the LQU is non-zero when h > 0. Meanwhile,
the lower bound is tight respect to the optimized LQU.
As the last example for the qutrit-qutrit case, we study the
LQU of the generalized qutrit-qutrit Bell state defined as
ρAB(0) = (|00〉 + |11〉 + |22〉)(〈00| + 〈11| + 〈22|) (27)
during decoherence.
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FIG. 2. The LQU of the qutrit-qutrit Horodecki state.
Reminding that the docoherence process can be written in
terms of Kraus operators as
ρAB(t) =
3∑
j=1
3∑
i=1
F Bj EAi ρAB(0)EAi
†F Bj
†
, (28)
where the operators EAi and F Bj are the Kraus operators de-
scribing the noise channels on particles A and B, they satisfy∑
i EAi EAi
†
= I and ∑i F Bi F Bi † = I.
We impose two dephasing channels on particles A and B,
the Kraus operators of the dephasing channel, for instance, on
particle A are
EA1 =

1 0 0
0
√
1 − γA 0
0 0
√
1 − γA
 ⊗ I3
EA2 =

0 0 0
0 √γA 0
0 0 0
 ⊗ I3
EA3 =

0 0 0
0 0 0
0 0 √γA
 ⊗ I3 (29)
where γA denotes the dephasing strength.
We have investigated two situations where γA = γB = 0.5
and γA = 2.0, γB = 1.0, respectively. The lower bound and the
optimized LQU for these two cases are shown in Fig. 3. The
trend of the lower bound is the same as the optimized LQU,
and the bound is close to the optimized value.
B. A qudit-qubit state
As a much more complicated example, we consider the case
where the dimension of particle A is four. The non-degenerate
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FIG. 3. The LQU of the generalized qutrit-qutrit Bell state going
through two dephasing channels with (Above) γA = γB = 0.5; (Bot-
tom) γA = 2.0, γB = 1.0.
fixed spectrum is chosen as
Λ =
√
2
3

3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3
 . (30)
We can verify that Λ =
√
2
3 (λ1+
√
1
3λ2+
√
1
6λ3). In this case,
we also have α = |~s| = 1.
We study the 4 × 2 Horodecki state [25]
ρh
′
=
1
7h + 1

h 0 0 0 0 h 0 0
0 h 0 0 0 0 h 0
0 0 h 0 0 0 0 h
0 0 0 h 0 0 0 0
0 0 0 0 (1+h)2 0 0
√
1−h2
2
h 0 0 0 0 h 0 0
0 h 0 0 0 0 h 0
0 0 h 0
√
1−h2
2 0 0
(1+h)
2

. (31)
It is also a PPT entangled state and does not satisfy Tr(ρ′hλi ⊗
I4) = 0. The procedure of obtaining the optimized LQU using
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FIG. 4. The LQU of the 4 × 2 Horodecki state.
the genetic algorithm is considerably lengthy. In the case of
high-dimensional quantum systems, the operators tend to be
degenerate. Thus the lower bound given Fig. 4 is much lower
than the optimized LQU. However, when h > 0.2, our bound
still shows the similar trend as the optimized LQU.
V. DISCUSSION AND SUMMARY
The importance of quantum states with higher dimensions
(qudits) is gradually recognized in recent years. Compared
with qubits, maximally entangled qudits violate local realism
more strongly and are less affected by noise [26–32]. In quan-
tum communication, entangled qudits are more secure against
eavesdropping attacks [33–37], and also offers advantages in-
cluding greater channel capacity for quantum communication
[38, 39] as well as more reliable quantum information pro-
cessing [40–42]. Experimentally, the entangled qudits can be
physically realized in linear photon systems [43], nitrogen-
vacancy centres [44], etc. Therefore, it is urgent to estab-
lish a theory for measuring the quantum correlations in high-
dimensional quantum systems.
Choosing an appropriate spectrum is crutial in the calcula-
tion of the LQU. Our lower bound is obtained by relaxation of
the non-degeneracy fixed-spectrum requirement in the LQU
definition. We have shown with this operation relaxation, the
lower bound of the LQU is possible to be obtained.
For three-dimensional quantum systems, the freedom of the
operator spectrum selection is relatively small. In this case,
the lower bound is tight comparing to the optimized LQU.
As the dimension of the quantum system grows, the freedom
of the operator spectrum become larger. Although our bound
turns to be much lower than the optimized value obtained with
a specific non-degeneracy fixed-spectrum, it still reveals the
trend of the LQU in the case where h > 0.2.
An interesting fact is that for the 4 × 2 Horodecki state,
there exists a transition of the lower bound near h = 0.22. It
has been shown the algebraic lower bound of the concurrence
declines near h = 0.22, and decreases to zero when h = 1
[45], while the lower bound bounces back at h = 0.55, and is
non-zero when h = 1. Our lower bound behaves similar to the
lower bound of the concurrence.
Further research still needs to be done on both improving
the lower bound and discovering more physical properties of
high-dimensional quantum systems by using LQU.
ACKNOWLEDGEMENTS
We thank Gerardo Adesso and Tommaso Tufarelli for help-
ful comments. We also thank Chenglong You, Debasis
Sarkar, and Ajoy Sen for helpful discussions. This work
was supported by the National Natural Science Foundation
of China under Grant No. 11175094 and 91221205, the Na-
tional Basic Research Program of China under Grants No.
2015CB921002.
[1] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777-780
(1935).
[2] E. Schro¨dinger, Naturwissenschaften 23, 807-849 (1935).
[3] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Rev. Mod. Phys. 81, 865 (2009).
[4] H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901
(2001).
[5] E. Knill and R. Laflamme, Phys. Rev. Lett. 81, 5672 (1998).
[6] L. Henderson and V. Vedral, J. Phys. A: Math. Theor. 34, 6899
(2001).
[7] K. Modi, A. Brodutch, H. Cable, T. Paterek, and V. Vedral, Rev.
Mod. Phys. 84, 1655 (2012).
[8] M. Zwolak M and W. H. Zurek Sci. Rep. 3, 1729 (2013).
[9] Dakic, Vedral, and Brukner, Phys. Rev. Lett. 105, 190502
(2010).
[10] B. Bellomo, R. Lo Franco, and G. Compagno, Phys. Rev. A 86,
012312 (2012).
[11] A. K. Rajagopal and R.W. Rendell, Phys. Rev. A 66, 022104
(2002).
[12] S. Luo, Phys. Rev. A 77, 022301 (2008).
[13] Q. Chen, C. Zhang, S. Yu, X. X. Yi, C. H. Oh, Phys. Rev. A 83,
052108 (2011).
[14] D. Girolami and G. Adesso, Phys. Rev. A 83, 052108 (2011).
[15] Y. Huang, New J. Phys., 16, 033027 (2014).
[16] S. Luo and S. Fu, Phys. Rev. A 82, 034302 (2010).
[17] A. S. M. Hassan, B. Lari, P. S. Joag, Phys. Rev. A 85, 024302
(2012).
[18] D. Girolami, T. Tufarelli, and G. Adesso, Phys. Rev. Lett. 110,
240402 (2013).
[19] E. P. Wigner and M. M. Yanase, Proc. Natl. Acad. Sci. U.S.A.
49, 910 (1963).
[20] A. Sen, A. Bhar, and D. Sarkar, Quantum Inf. Process. 14, 269
(2015).
6[21] H. Li, Y. S. Li, S. Wang, G. L. Long, Comm. Theor. Phys. 61,
273 (2014).
[22] S. Luo, Phys. Rev. Lett. 91, 180403 (2003).
[23] R. F. Werner, Phys. Rev. A 40, 4277 (1989).
[24] E. Chitambar, Phys. Rev. A 86, 032110 (2012).
[25] P. Horodecki, Phys. Lett. A 232, 333 (1997).
[26] D. Kaszlikowski, P. Gnacin´ski, M. ˙Zukowski, W. Mik-
laszewski, and A. Zeilinger, Phys. Rev. Lett. 85, 4418 (2000).
[27] J. L. Chen, D. Kaszlikowski, L.C. Kwek, C.H. Oh, and M.
Zukowski, Phys. Rev. A 64, 052109 (2001).
[28] D. Collins, N. Gisin, N. Linden, S. Massar, and S. Popescu,
Phys. Rev. Lett. 88, 040404 (2002).
[29] J. L. Chen and D. L. Deng, Phys. Rev. A 79, 012111 (2009).
[30] W. Son, J. Lee, and M. S. Kim, Phys. Rev. Lett. 96, 060406
(2006).
[31] Q. Y. He , P. D. Drummond, and M. D. Reid, Phys. Rev. A 83,
032120 (2011).
[32] J. Ahrens, E. Amselem, A. Cabello, M. Bourennane, Sci. Rep.
3, 2170 (2013).
[33] H. Bechmann-Pasquinucci and A. Peres, Phys. Rev. Lett. 85,
3313 (2000).
[34] M. Bourennane, A. Karlsson, and G. Bjo¨rk, Phys. Rev. A 64,
012306 (2001).
[35] N.J. Cerf, M. Bourennane, A. Karlsson, and N. Gisin, Phys.
Rev. Lett. 88, 127902 (2002).
[36] T. Durt, N. J. Cerf, N. Gisin, and M. ˙Zukowski, Phys. Rev. A
67, 012311 (2003).
[37] F. Pan, G. Y. Lu, and J. P. Draayer, Int. J. Mod. Phys. B 20, 1333
(2006).
[38] M. Fujiwara, M. Takeoka, J. Mizuno, and M. Sasaki, Phys. Rev.
Lett. 90, 167906 (2003).
[39] L. R. Long, H. W. Li, P. Zhou, C. L. Yin, Sci. China Phys.
Mech. 54 484 (2011).
[40] T. C. Ralph, K. Resch, and A. Gilchrist, Phys. Rev. A 75,
022313 (2007).
[41] T. Yan, F. L. Yan, Chinese Sci. Bull. 56 24 (2011).
[42] B. Li, Z. H. Yu, S. M. Fei, Sci. Rep. 3, 2594 (2013).
[43] E. V. Moreva, G. A. Maslennikov, S. S. Straupe, S. P. Kulik,
Phys. Rev. Lett. 97, 023602 (2006).
[44] T. Gaebel, M. Domhan, I. Popa, C. Wittmann, P. Neumann, F.
Jelezko, J. R. Rabeau, N. Stavrias, A. D. Greentree, S. Prawer,
J. Meijer, J. Twamley, P. R. Hemmer, J. Wrachtrup, Nat. Phys.
2, 408-413 (2006).
[45] F. Mintert, A. R. R. Carvalho, M. Kus´, A. Buchleitner, Phys.
Rep. 419, 143 (2005).
